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Haydar Akca, Valéry Covachev, and Zlatinka Covacheva 3

Abstract A discrete-time counterpart of a class of Hopfield neural networks with
impulses and concentrated and infinite distributed delays as well as a small delay in
the leakage terms is introduced. Sufficient conditions for the existence and global
exponential stability of a unique equilibrium point of the discrete-time system
considered are obtained.
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1 Introduction 9

Hopfield neural networks have found applications in a broad range of disciplines [4— 10
6] and have been studied both in the continuous- and discrete-time cases by many 11
researchers. Moreover, there are many real-world systems and natural processes that 12
behave in a piecewise continuous style interlaced with instantaneous and abrupt 13
changes (impulses). Signal transmission between the neurons causes time delays. 14
Therefore the dynamics of Hopfield neural networks with discrete or distributed 15
delays has a fundamental concern. 16
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It is known from the literature on population dynamics [1] that time delays in the
stabilizing negative feedback terms have a tendency to destabilize the system. Due
to some theoretical and technical difficulties [3], so far there have been very few
existing works with time delay in leakage (or “forgetting”) terms [1,3,7,9].

Our goal in this paper is to introduce a discrete-time counterpart of a class of
Hopfield neural networks with impulses and concentrated and infinite distributed
delays as well as a small delay in the leakage terms, without essentially changing
its stability characteristics. Note that conditions of smallness of the leakage delays
have been introduced in [3, 7]. We obtain sufficient conditions for the existence and
global exponential stability of a unique equilibrium point of the resulting discrete-
time system.

2 Impulsive Continuous-Time Hopfield Neural Network:
Existence of a Unique Equilibrium

Consider an impulsive continuous-time neural network consisting of m elementary
processing units (or neurons) whose state variables x; (i = 1,m which henceforth
will stand for i = 1,2, ...,m) are governed by the system

S = a0+ 3 b () + 3 oy a0 =)

j=1

+Zdijhj (/ K,j(S)Xj(f-S)dS)‘i-Ii t>0, t#1, (1)
J=1 0

Us

Ax;(tx) = Baxi(ti) + Vi(s)xi(s)ds+yw, i=1,m, keN, (2)

p—0

with initial values prescribed by piecewise continuous functions x;(s) = ¢;(s) which
are bounded for s € (—e°,0]. In (1), 6 > 0 denotes a delay in the stabilizing
(or negative) feedback term —a;(x; — o), also called leakage or forgetting term
of the unit #; f;(-), g;(-), hj(-) denote activation functions; the parameters b;;,
cij, dij are real numbers that represent the weights (or strengths) of the synaptic
connections between the jth unit and the ith unit; the real constant /; represents an
input signal introduced from outside the network to the ith unit; 7;; are nonnegative
real numbers whose presence indicates the delayed transmission of signals at time
t — 7;; from the jth unit to the unit i; and the delay kernels K;; incorporate the
fading past effects (or fading memories) of the jth unit on the ith unit. In (2),
Ax;i(t) = x;(t;") — x;(t,”) denote impulsive state displacements at fixed instants of
time #; (k € N) involving integral terms whose kernels Wy : [t — 0,1;] — R are
measurable functions, essentially bounded on the respective interval. Here it is
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assumed that x; (1, ) = lim x,( ) and x;(tx) = x;(t,”) = lim x;(¢), and the sequence of
I*)Tk 1‘—)1‘,:

times {7} satisfies 0 < 1] <1p <--- <fy wecask —ocoand Aty =t —f_; > 0,
where 6 > 0 denotes the minimum time interval between successive impulses. In
other words, the value 6 > 0 means that the impulses do not occur too often.

The assumptions that accompany the impulsive network (1) and (2) are given as
follows:

Al O<ag<l/o,i=1,m.
A,. The activation functions fj,g;,h; : R — R are Lipschitz continuous with
respective constants F;, G, Hj, j = 1 N

m m m —
As. a—F Zl bjil — Gi Zl |cjil —H; Zl |dji| >0, i=1,m
Jj= Jj= Jj=
A4, The kernels Kjj : [0,00) — [0,00) are bounded and piecewise continuous,
normalized by ;" K;j(s)ds = 1, and there exists a positive number u such that
Jo Kij(s)etsds < oo fori, j = 1,m.

An equilibrium point of the impulsive network (1) and (2) is denoted by x* =
(x},%5,...,x%)T whereby the components x} are governed by the algebraic system

aiX?ZZbi/f/(x;)-FECijgj +Zd1/h (xX7) +1i, i=1,m, (3)

J=1 Jj=1 N
and satisfy the linear equations

T
(Bik+ l//ik(s)ds> X?-l—’)/,'k:(), kEN, i=1,m. 4)

Lemma 1. Leta; >0 ( l,m) and conditions Ay, Az be satisfied. Then system (3)
has a unique solution x* =(x},x5,...,x5)".

In other words, if a; > 0 (i = l,m) and conditions A,—A4 are satisfied, the system

without impulses (1) has a unique equilibrium point x* = (x7,x5,...,x5)7.

Proof. In system (3) we perform the substitution y; = a;x}, i = 1,m. Thus, we obtain

the system
_ 5 Y .
:z [ ’Jff< )+Cug/< )+d,/h (a )] +1I, i=1,m.
=1 J

We can show that the mapping y — ®@(y) = (®@((y), P> (y),..., Pu(y))T acts as

m
a contraction in the space R” equipped with the norm |y|| = ¥ |yi|. Thus, it
i=1

has a unique fixed point y*. Then x* = (y}/a1,y3/aa,...,y}/am)" is the unique
equilibrium point of system (1). a
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3 Formulation of a Discrete-Time Impulsive Analogue

Our goal in the present section is to introduce a discrete-time counterpart of system
(1) and (2) without essentially changing its stability characteristics. The leakage
terms —a;x;(t — ©) in the right-hand side of (1) make it difficult to apply the semi-
discretization procedure described in [2, 8]. Instead, we will discretize all terms in
the right-hand side of (1).

Suppose that o < 6. Let the positive integer N be sufficiently large, in particular,
such that

1 . — 1
<1+1V)ai6<1’ i=1,m, (1+1V>G<9' ©)

We choose a discretization step 4 = ¢ /N and denote by n = [%] the greatest integer

int/h, x; = [%} and, for brevity, x;(n) = x;(nh), n € Z. We further replace the

integral term [5” K;;(s)x;(t —s)ds (i, j = 1,m) by a sum of the form ¥ K;;(p)x;(n—
1

=
p). where the discrete kernels K;;(-), i, j = 1,m, satisfy the following condition:

Al. Kij(p) € [0,e0) are bounded for p € N, normalized by §, Kij(p) =1, and there
p=1

exists a number v > 1 such that ¥ IC;;(p)v? < ee.
p=1

Thus, we obtain the following discretization of the right-hand side of (1):

—apxi(n—N)4 D bijfi(xj(n) + D cijgj(x;(n — Kij))
j=1 j=1
+Zdﬁhj(Z/C,j([J)Xj(l’l-p))—i—Ii, neN, i=1m.

J=1 p=l1

The negative sign of the first term makes difficult the use of Lyapunov’s functionals
as in [2,8]. We eliminate this term by using for o small enough the approximation

dx;

- l—Nha,- 1—(N+1)ha,-
dt

(nh) ~ Tx,-(n—I— 1) Tx,-(n) —axi(n—N).

Let us recall that Nha; = ca; < 1 by condition A} and (N + 1)ha; = (1 + zlv) oa; <1
by virtue of (5). Thus, we obtain the following discrete-time analogue of the system
without impulses (1):

70

72
73
74
75
76
7

78

79

81

82

83

85
86



Author's Proof

Discrete Impulsive Neural Networks with Leakage Delays
(1 — Nha,-)x,-(n + 1)

= (l — (N—|— l)ha,-)x,-(n) +h (i bijfj(xj(n))

J=1

+ ZCi/’gj(Xj(n_ Kij)) + Zdijhj (2 p)xj(n— p)) +1i> , (6)

j=1 j=1

n €N, i = 1,m, with initial values of the form x;(—¢) = ¢;(—¢) (¢ € {0} UN), where
the sequences {¢;(—¢)}7_, are bounded for all i = 1,m.

Next we discretize the impulse conditions (2). If we denote n; = [’k] keN, we
obtain a sequence of positive integers {n; };~_, satisfying 0 <nj <np <--= <nyg— oo
as k — oo and Any = ny —ng_ > [%] — 1. With each such integer n; we associate
two values of the solution x(n), namely, x(n;) which can be regarded as the value
of the solution before the impulse effect and whose components are evaluated by
(6) and x™ (n;) which can be regarded as the value of the solution after the impulse
effect and whose components are evaluated by the equations

x; () — xi(ng) 2 Biyxi(€) + %k, i=T1m, keN, (7)

Zl’lkN

where B, are suitably chosen constants.

Further on we will call system (6) and (7) the discrete-time analogue of the
system with impulses (1) and (2).

The components of an equilibrium point x* = (x},x3,...,x%)7 of system (6) and
(7) must satisfy the (3) and

1k
> Biux; + % =0. 3)
Z:l’lka

To ensure that systems (1), (2) and (6), (7) have the same equilibrium points if any,
we choose the constants B;;, so that

1 .
2 szl—sz"_ Wzk( ) i=1m, keN.
(= n—N -

Definition 1. The equilibrium point x* = (x},x3,...,x5)7 of system (6) and (7) is
said to be globally exponentially stable with a multiplier p if there exist constants
M >1and p € (0,1), and any other solution x(n) = (x;(n),x2(n),...,xu(n))" of
system (6) and (7) is defined for all n € N and satisfies the estimate

Y bi(n) —x/[ <Mp" Y sup |xi(—€) —x]]. ©)
i=1

i=1£€{0}UN
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4 Main Results: Sufficient Conditions for Global 112
Exponential Stability of the Equilibrium Point 113

Theorem 1. Let systems (6) and (7) satisfy conditions A1—Aj, AQ, (5), and the 114
components of the unique equilibrium point x* = (x},x5,...,x5)7 of system (6) 115
satisfy (8). Then there exist constants M' > 1 and A € (1,V] such that any other 116
solution x(n) = (x1(n),x2(n),...,x,(n))T of system (6) and (7) is defined for all 117

n € N and satisfies the estimate 118
m i(1,n) m
D xi(n) =i [ <MAT" [T BL Y, sup (=) —x;, (10)
i=1 k=1  i=1(e{0}UN
0 <
i(ln) =4 = B, = By (1+cmax(1—ca,-)_1> and 119
max{k € N:ny <n}, n>n, i=1m
Bj, = max max { |1 +B,-k,1k| ,  max B,'k[|} , keN 120
i:m n—N<l<n;—1
Proof. From the conditions of the theorem it follows that system (6) and (7) has 121
a unique equilibrium point x* = (x7,x5,...,4%)7. For any n € NU {0}, from (6) 122
and (3), by virtue of condition A,, we derive the inequalities 123

(1—Nha))|xi(n+1) — x| < (1= (N+1)ha)|xi(n) — x|
+hy, {\bi/Fj [xj(n) = x|+ [eij| G |xj(n — Kij) — x|
=1

+ |dij| H; Y, Kij(p)|xj(n—p) —x}f}, i=1,m.
p=1

For A € [1,v], let us denote y;(n) = A"|x;(n) —x}|, n € Z, and define a Lyapunov 124
functional V(-) by 125

m m n—1
V(")ZZ{(l—Gai)yi(Hth leii|GASE S yi()

i=1 j=1 Z:nflqj
e n—1
+ [dijlH; 3 Kij(p)A" 3 yiO)| ¢ (11)
p=1 l=n—p
AQH It is easy to see that V(n) > 0 for n € NU{0} and V(0) < o by A%. More precisely, ,,,
V) <MY sup |x(—6)—xl, (12)

i=1£eNU{0}
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where

M= max{l—O'a,—i-h

i=1l.m

Jj=1 j=1 p=1

Further on, we obtain

Vin+1)—V(n) < — i‘f’i(l)yi(n),

G; 2 lcji|A %+ H; 2 \dji| ZIC,, M“H

m m m oo
where W(A) = hA (a,-—F,- '21 ‘bj,“—Gi '21 ‘CjiMKﬁ—H,‘ ‘21 |dj," 21 ’Cji(p)/lp>
= = j= p=

—(A —1)(1 - 0a;). By condition A/, the functions (1) (i = 1,m) are well defined

m m
and continuous for A € [1,v]. Moreover, ¥i(1) = h | a;—F; X |bji| — Gi X |cji
j=1 j=1

—H; Y, dj,-> > 0, i = 1,m, by virtue of A}, and As. By continuity, for each
=1

i = 1,m, there exists a number A; € (1,v] such that ¥(1) > 0 for A € (1

AT

we denote A9 = min A;, then A9 > 1 and W(A) >0 for A € (1,A9] and i = 1,m

i=1,m
This implies V(n+ 1) < V(n) for n # ng and V(n + 1) < V7 (ny), where
contains |x;" (n) — x¥| instead of |x;(n;) —x}|. The above inequalities yield

V(n)y< {V*(nk) for ny <n <ngyq,

V(0) for 0 <n <nj.

From equalities (7) and (8), we find

3
b () =i < B Y, ni(6) =51,
Z:l’lka
where the constants B, were introduced in the statement of Theorem 1, and

V*(ng) < BV (ng—y)

for k > 2 and, similarly, V" (n;) < B}V (0).
Combining the last inequalities and (13), we derive the estimate

i(1,n)
< [T Bwv(0)
k=1

V()

13)

(14)
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Finally, from the inequalities

S xi(n) — x| < max (1 - ca) ' A"V (n),
i=1

i=1,m

(14) and (12) we deduce (10) with M’ = M max (1 —ca;) "' and any A € (1,2¢]. O

i=1,m

For three sets of additional assumptions, we show that inequality (10) implies
global exponential stability of the equilibrium point x* of the discrete-time system
(6) and (7).

Corollary 1. Let all conditions of Theorem 1 hold. Suppose that B < 1 for all
sufficiently large values of k € N. Then the equilibrium point x* of the discrete-time
system (6) and (7) is globally exponentially stable with multiplier 1/ 2.

Corollary 2. Let all conditions of Theorem [ hold and limsup % =p < +oo. Let

n=sco
there exist a positive constant B such that Bj, < B for all sufficiently large values

of k € N and BP < Ay. Then for any p € (%, 1) the equilibrium point x* of the
discrete-time system (6) and (7) is globally exponentially stable with multiplier p.

Corollary 3. Let all conditions of Theorem 1 hold. Suppose that there exists a
constant | € (1, Ag) such that By, < " "1 forall sufficiently large values of k € N.
Then the equilibrium point x* of the discrete-time system (6) and (7) is globally
exponentially stable with multiplier L/ Ay
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